The diffusive transport of biased Brownian particles in a two-dimensional symmetric channel is investigated numerically considering both the no-flow and the reflection boundary conditions at the channel boundaries. Here, the geometrical confinement leads to entropic barriers which effectively control the transport properties of the particles. We show that compared to no-flow boundary conditions, the transport properties exhibit distinct features in a channel with reflection boundary conditions. For example, the nonlinear mobility exhibits a nonmonotonic behavior as a function of the scaling parameter f , which is a ratio of the work done to the particles to available thermal energy. Also, the effective diffusion exhibits a rapidly increasing behavior at higher f . The nature of reflection, i.e., elastic or inelastic, also influences the transport properties firmly. We find that inelastic reflections increase both the mobility and the effective diffusion for smaller f . In addition, by including the short range interaction force between the Brownian particles, the mobility decreases and the effective diffusion increases for various values of f . These findings, which are a signature of the entropic nature of the system, can be useful to understand the transport of small particles or molecules in systems such as microfluidic channels, membrane pores, and molecular sieves. 
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I. INTRODUCTION
try plays a vital role in the diffusive behavior of the particles. Later, several researchers investigated the same problem in detail under various conditions. [37] [38] [39] [40] [41] [42] [43] Note that in most of the studies, no-flow boundary conditions have been used in the numerical simulations for simplicity. Under no-flow boundary conditions, if the new desired position of the particle is outside the channel, then the Gaussian random number associated with the thermal noise is changed until the new position of the particle is found to be inside the channel. In some other studies, people consider that if the new position is outside the channel, then it is discarded and stuck to the old position. 38 However, the analytical description is independent of the boundary conditions. In general, the nature of the boundary conditions can play a pivotal role in the diffusive behavior of the Brownian particles in these confined environments. For instance, when the particle strikes the channel wall and if it gets reflected (reflection boundary conditions), the resident time of the particle in a given cell of the channel (see Fig. 1 ) may increase. This may influence the transport properties of the particles. In addition, the energy loss due to collisions with the channel walls and the interaction between the particles may further dictate the transport characteristics of the particles.
In this paper, we study the transport of interacting Brownian particles in a symmetric confined channel with both elastic and inelastic reflection boundary conditions. The short range interaction force between the Brownian particles is calculated using the Lubrication theory. 44 The Lubrication theory provides the hydrodynamics effect on a particle due to its neighbors. Therefore, the interaction force is given by the action of the fluid stress, and it plays a significant role when the particles are confined. We focus on finding how the reflection boundary conditions, the interaction between the particles, and the aspect ratio of the channel influence the diffusive behavior of the Brownian particles in this confined environment.
The rest of the article is organized as follows: In Sec. II, we introduce our model for the Brownian particles in a two-dimensional symmetric channel. In Sec. III, we study the diffusive behavior of noninteracting particles in a symmetric channel with elastic reflection boundary conditions. The impact of inelastic reflection boundary conditions is discussed in Sec. IV. The effect of interaction between the particles is investigated in Sec. V. Finally, we present our main conclusions in Sec. VI.
II. MODEL
Consider the motion of a Brownian particle, suspended in a two-dimensional symmetric channel, driven by a constant external force F e , along the direction of the channel, and the interaction force F int due to its neighboring particles (see Fig. 1 ). Here, we assume that the viscous force from the surrounding heat bath dominates over the inertial force of the particle. In this over-damped regime, 45 the equation of motion of a Brownian particle is given by the Langevin equation,
where r is the position vector of the particle in two dimensions, η is the friction coefficient, k B is the Boltzmann constant, and T is the temperature of the heat bath. The thermal fluctuations due to the coupling of the particle with the surrounding heat bath are modeled by a zero-mean Gaussian white noise ξ(t), obeying the fluctuation-dissipation relation The short range interaction force on a particle i due to its neighbors is calculated using the Lubrication theory. 44 It reads
where the sum is taken over all its nearest neighbors, σ ij is the interaction strength between the particles i and j, d ij is the corresponding distance between the particles, θ ij is the angle that d ij makes with the channel axis (x− axis),x andŷ are the unit vectors along the x and y directions, respectively. Note that σ ij > 0 (or σ ij < 0) means the particles are repelling (or attracting) each other. In the limit of high density of particles, this interaction force can be approximated as
where k int denotes the total strength of the interaction force on a particle due to its neighbors and θ is a random variable that can have values between 0 to 2π. In this limit, Eq. (3) is similar to the Vicsek interaction 46 which has been used extensively to study the collective behavior of active particles.
The shape of a two-dimensional symmetric and spatially periodic channel is described by its half-width (see Fig. 1 ),
where L is the periodicity, and the parameters a and b control the slope and width of the channel. Note that to allow the particles from one cell to the other, the condition b > a should be satisfied. The half-width at the bottleneck of the channel is given by ω min = b − a.
The maximum half-width of the channel is given by ω max = b + a. The ratio of these two widths defines the dimensionless aspect ratio given by
Different symmetric channels are identified by different values of the aspect ratio , e.g., = 1 corresponds to a flat channel. In terms of , the relation between the parameters a and b is given by b = a(1 + )/(1 − ).
For the sake of a dimensionless description, we rescale the length variables by the periodicity of the channel L and the time variables by τ = ηL 2 /(k B T ), which is the characteristic diffusion time. 7 In dimensionless variables, the Langevin equation reads
where the dimensionless external force becomes f = fx with f = F e L/(k B T ), which is the ratio of work done to the particle due to the external force and the available thermal energy.
The dimensionless interaction force becomes f int = F int L/(k B T ) = k(cos θx + sin θŷ), where the scaled interaction strength is defined as k = k int L/(k B T ). Note that in the case of purely energetic systems, e.g., one-dimensional systems, the driving forces, F e and F int , and the temperature T are independent variables, whereas in systems of entropic nature, these quantities are coupled and characterize the dynamics of systems.
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In contrast to earlier studies, while solving the Langevin equation (6) numerically, in the current study, we have considered that the particle reflects at the channel boundary (elastically or inelastically) to ensure the confinement within the channel. Figure 1 (a) shows the reflection of a particle at the channel boundary. Let us say, the initial position of the particle was A(x 1 , y 1 ) and in the next instant of time, the position of particle is at C(x 2 , y 2 ), which is outside of the channel boundary [see Fig. 1(a) ]. The line joining the points A and C intersects the channel boundary at a point B(p, q), i.e., the reflection point which can be calculated numerically using the bisection method. Then, the incident angle between AC with the normal at the reflection point B is given by
, where m 1 and m 2 denote the slopes of lines AC and normal, respectively. The corresponding reflection angle is θ r = tan −1 (tan θ i /e), where e is the coefficient of restitution which characterizes the type of reflection, i.e., elastic or inelastic. For example, e = 1 corresponds to the elastic reflection and e = 0 corresponds to the perfect inelastic reflection. The momentum conservation and the energy balance lead to the relation (
Finally, the desired position D(x 3 , y 3 ) of the particle is given by
where m 3 = tan(θ r + tan −1 (m 2 )) is the slope of line BD. In general, depending on the net force acting on the particle, the particle may reflect multiple times at the channel boundaries to reach the final position.
The Langevin equation (6) is solved by using the standard stochastic Euler algorithm over 2 × 10 4 trajectories with the reflection boundary conditions. Numerically, the nonlinear mobility and the effective diffusion coefficient are calculated as
III. DIFFUSION OF NONINTERACTING PARTICLES
The diffusion of noninteracting particles in a symmetric channel has been studied earlier both analytically and numerically by Hänggi and co-workers. [7] [8] [9] 35 Under the assumption of a fast equilibration in the transverse direction of the channel, the dynamics of the system can be approximately described by means of a one-dimensional kinetic equation. The latter is obtained after integrating out the transverse coordinate (y) from the two-dimensional
Smoluchowski equation. The resultant one-dimensional probability density P (x, t), which obeys the Fick-Jacobs equation, reads
where
is the position dependent diffusion coefficient for a 2D system, 33 the dimensionless free energy is given by A(x) = −f x − ln(2ω(x)), and 2ω(x) is the local width of the two-dimensional channel. Remarkably, the free energy assumes the form of a periodic tilted potential whose barrier height is a function of the temperature.
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The corresponding transport characteristics, the nonlinear mobility and the effective diffusion coefficient, of the Brownian particles can be calculated using the mean first passage time (MFPT) approach 7 and are given by
where the integral In the latter case, the channel boundaries exert an equal and opposite force on the incident particle. Thus, the particle takes multiple reflections within a cell before proceeding to the next one. However, the net motion is always in the positive x− direction as the external force is acting along that direction. As a result, the average survival time τ (f ) of the particles 47, 48 increases in a cell. This leads to a decrease in the mobility and an increase in the effective diffusion compared to the no-flow case. Whereas, for a moderate confined geometry, i.e., = 0.25, these two boundary conditions lead to the same results (see the insets of Fig. 2 ).
Because, for this case, the average survival time is less compared to that of the previous case. Note that the considered channel is highly confined (L = 1), and as expected, the analytical findings agree well with the numerical results only in the small f regime.
35
To understand the average survival time of the Brownian particles in a given cell, we have Compared to the no-flow boundary conditions, τ (f ) calculated using the elastic reflection boundary conditions decreases only up to an optimal value of the scaling parameter f . On further increasing f , τ (f ) starts to deviate from the monotonically decreasing response due to multiple reflections that particles make at the channel boundaries. Thus, the average survival time of the particles in a given cell increases. As a result, the nonlinear mobility decreases and the effective diffusion coefficient increases for higher f values. Figure 4 shows the behavior of the nonlinear mobility and the effective diffusion coefficient as a function of the scaling parameter f for a symmetric channel with different aspect ratios. Note that the transport properties are greatly influenced by the channel geometry. For a small aspect ratio, the nonlinear mobility exhibits a nonmonotonic behavior and the effective diffusion is greatly enhanced. As mentioned earlier, this is due to the elastic reflection boundary conditions for which the average survival time of the particles increases at higher f values. However, as the aspect ratio of the channel increases, the average survival time decreases. This leads to a higher mobility and a lower effective diffusion. As one would expect, for = 1, i.e., for a flat channel, both the nonlinear mobility and the effective diffusion coefficient equal to the bulk values for all f (see Fig. 4 ). Note that the analytical results are valid for smaller values only. 
IV. INELASTIC REFLECTION BOUNDARY CONDITIONS
In this section, we focus on the effect of inelastic reflection boundary conditions on the transport properties of noninteracting Brownian particles. Here, we restrict to the channel with a small aspect ratio = 0.01. Note that the strength of inelastic reflection is characterized by the coefficient of restitution e, which varies between [0, 1]. e = 1 means a perfectly elastic reflection in which there is no loss of energy of the particle during reflection at the channel boundary and 0 < e < 1 means an inelastic reflection in which there is a loss of energy. e = 0 means a perfectly inelastic reflection in which the kinetic energy of the particle along the normal to the channel boundary is zero. In a way, it is similar to the sticky boundary conditions used in the earlier studies. 41 Note that the momentum of a particle is conserved for both the elastic and the inelastic reflection. However, the energy of a particle is not conserved for the inelastic reflection. Note that inelastic reflection boundary conditions can cause two effects to the particle: (i) reduce its energy and (ii) force to move along the channel boundary after the reflection. In the limit e → 0, the particle slows down quickly after the reflection due to a considerable amount of energy loss and moves along the channel boundary. As a result, for small f values, both the nonlinear mobility and the effective diffusion coefficient slightly increase on decreasing e (see insets of Fig. 6 ). However, for a fixed e, as the f increases, both the mobility and effective diffusion increase. At higher f , due to reflection boundary conditions, mobility decreases, and effective diffusion is greatly enhanced. Interestingly, in a narrow regime of moderate f values, both the mobility and the effective diffusion are unaffected by e.
V. DIFFUSION OF INTERACTING PARTICLES
In this section, we study the transport of interacting Brownian particles in a channel with a small aspect ratio ( = 0.01). In the limit of high density of particles, the short range interaction force between the particles is similar to the Vicsek interaction 46 as we have discussed in Sec. II. Note that the approximate 1D analytical description cannot be used for this case. Therefore, we stick to the numerical simulations with the reflection boundary conditions. Figure 7 depicts the behavior of the nonlinear mobility and the effective diffusion coefficient as a function of the scaling parameter f for different scaled interaction strengths k.
Note that the short range interaction force between the particles, for the optimal values of f , can cause two effects: (i) reduce the biased motion of the particles on increasing k, resulting in a decrease of the nonlinear mobility and (ii) particles tend to move in random orientations on increasing k, resulting in an increase of the effective diffusion coefficient. However, the qualitative behavior of the transport characteristics is unchanged with the scaled interaction strength. Also, in the limit f → 0, as expected, particles interaction does not contribute to the average mobility but influences the effective diffusion (see Fig. 7 ). In the other limit, i.e., f → ∞, the scaled applied force dominates over the scaled interaction force. As a result, the nonlinear mobility and the effective diffusion coefficient are independent of the scaled interaction strength. However, qualitatively, the impact of the coefficient of restitution e on these quantities remains similar to that observed in Fig. 6 (see insets of Fig. 7 ).
VI. CONCLUSIONS
With this work, we have shown that the transport of Brownian particles in symmetric channels with reflection boundary conditions exhibits distinct properties which have not been observed with no-flow boundary conditions. Using numerical simulations, we have investigated that the transport properties can be effectively controlled by the scaling parameter f , the aspect ratio of the symmetric channel , the coefficient of restitution e, and the scaled interaction strength k. We have observed that for the channel with a small aspect ratio, neither the nonlinear mobility nor the effective diffusion coefficient approaches to the bulk values in the limit f → ∞. The nonlinear mobility exhibits a nonmonotonic behavior, and the effective diffusion shows a rapidly increasing behavior. It is a clear signature of the reflection boundary conditions. Also, we have numerically demonstrated that both the nonlinear mobility and the effective diffusion coefficient can be enhanced with inelastic reflection boundary conditions. In addition, for the optimal values of f , the interaction between the particles leads to a decrease in the mobility and an increase in the effective diffusion. However, in the f → ∞ limit, the interaction between the particles does not influence the transport characteristics. These results evidence the usefulness of reflection boundary conditions which may occur naturally in systems such as nanoporous materials, zeolites, microfluidic devices, ratchets, artificial channels, etc. 
